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Abstract—We consider a slow flow with incompressible
viscous fluid flowing through two different domains: a porous
medium and adjacent free-fluid region. With the slow flow
problem the Stokes equation is employed in this study. To match
the shear stress at free-fluid/porous-medium interface and to
have a flexibility to make choice of boundary conditions at the
interface, we apply Brinkman equations in the porous medium
domain. A mixed finite element method is used to discretize the
model to obtain a weak Stokes-Brinkman formulation. We
establish the continuity of the bilinear form and then provide the
well-posedness of the discrete problem of the Stokes-Brinkman
equation when permeability coefficient is considered to be an n-
dimensional tensor. This result can also be applied to a free
boundary problem as long as the boundary conditions at the

interface is in the Sobolev space H'? (8Q2).

Keywords— Well-posedness; Stokes-Brinkman; Permeability
tensor; Moving solid phases; Finite element; Porous media

l. INTRODUCTION

The approximation of velocity of fluid flow through a
porous medium and adjacent free fluid region is important in
several applications such as fluid flow through natural rice
field [1] which is one of classical examples that fluid is moved
by a pressure gradient. In this research we consider a model
that fluid is moved by self-propelled solid phases such as
animal hair. The configuration showing the geometry of our
model is illustrated in Figure 1. It displays an ideal cell of
moving solid phases in domain €, and free-fluid region Q,
resides above Q,.

| ~Stokes(Q, )

- . 2l Brinkman(Q )
,-" Free flpid P

Movingéolid phasds *

Fig. 1. A snapshot of a cell of a free-fluid region resides above
the porous medium.

A model using an upscaling technique is employed so that we
do not have to consider the motion of each individual moving
solid phases but rather what all solid phases do collectively
and can be viewed as a porous medium with the self-propelled
solid phase. We employ the coupled Stokes-Brinkman system
[2, 3]:

k! ~(g'v')+Vp—ﬁ|A(g'v') = pg+uk™-g'v +ﬁ|Vf (D)
& &

Vo(glv'): f, 2

where f =-¢'/(1-£')+V-&'v*; u is a dynamic viscosity;

k™' is the inverse of the permeability tensor; &' is the
porosity; v' and v° are the velocities of the liquid and solid

phases, respectively; p is the pressure; d' :O.S(Vv' +(Vv' )T)
is the rate of deformation tensor; p is the fluid density; g is

the gravity; &' is the material time derivative of the porosity
with respect to the solid phase, &' =o' /at+v°-Ve'. The
introduction of an effective viscosity parameter, u/¢&', in the
additional term of Darcy’s law within the Brinkman equation

allows the matching of the stress between the two domains.
Without the inverse of the permeability term,

k™ +(£'v' =£'v*) and the source term f, the Brinkman

equation becomes the Stokes equation. With divergence-free
condition, this is the case in €, while the Brinkman equation

with the nondivergence form (2) is used in Q,. The system of

equations is derived from Hybrid Mixture Theory (HMT) [4,
5], which is an upscaling method. The derivation of the
momentum equation can be found in [2] while the derivation
of the conservation of mass, equation (2), used in this problem
is in [3, 5]. In this work, we present the existence and
uniqueness of the Stokes-Brinkman equations for the
numerical problem when the permeability coefficient is an
n-dimensional tensor.
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Typically, Darcy’s law is used with the Beavers-Joseph
condition in the porous medium and the Stokes equation is
used in free-fluid region for slow flow problem [6, 7, 8]. To
match the shear stress at the free-fluid/porous-medium
interface, in this study, we use the Stokes-Brinkman equation,
cf. e.g., [9, 10]. The Stokes-Brinkman equation have been
studied by several authors in many aspects such as calculating
the numerical solutions [11, 12, 13] or analytically finding
drag force from the equations [14], comparing with Stokes-
Darcy in both theoretical and numerical aspects [15, 16, 17,
18] and proving the well-posedness of the equations with
different boundary condition [19, 20]. For example, Chen et
al. [15] analytically compared results of Stokes-Brinkman and
Stokes-Darcy’s equations with Beavers-Joseph interface
condition in 1-dimensional and quasi-2-dimensional cases and
also considered the coupling of the Stokes and Darcy systems
with different choices for the interface conditions. Angot [19]
studied the Stokes-Brinkman equation with jump embedded
boundary conditions on an immersed interface. He showed the
well-posedness of the system of equations with Ochoa-Tapia
& Whitaker (1995) interface conditions and Stokes-Darcy
with Beavers & Joseph (1967) conditions. Ingram [20]
analyzed a finite element discretization of the Brinkman
equation for modeling non-Darcian fluid flow with different
boundary conditions. He proved the well-posedness of the
problem. He also established the existence and uniqueness of
the solutions for steady Navier-Stokes equation. However, all
of the previous works had been studied for static solid phases
of the Stokes-Brinkman equations with a constant
permeability. In this study, we provide the well-posedness of
the discrete problem of the Stokes-Brinkman equations when
fluid flows through the domain Q, UQ, by the movement of

the solid phases and the permeability coefficient is an n-
dimensional tensor. This model can be applied to more
realistic problems, which previously this had been shown only
for the scalar coefficient in [20] and second-order tensor in
[21].

In Section 2, we derive the weak form of the Stokes-
Brinkman equations using a mixed finite element method.
Theorems and the definition of a dual operator are provided in
Section 3. The well-posedness of the weak form of the Stokes-
Brinkman system of equations is shown in Section 4 for a
general n-dimensional permeability tensor. The conclusion is
drawn in Section 5.

Il.  WEAK STOKES-BRINKMAN EQUATIONS

To prove the continuity and coercivity of the bilinear form
a(~,~) and then the existence and uniqueness of the discrete
form of the Stokes-Brinkman equations, we first find a weak
form of the equations and begin with introducing some
notations and spaces which are employed from [21] defined as
follows.

LS(Q):{qeLZ(Q):iqu:O}, )

Hs (Q) ={WeH1(Q):W|m=O}, 4)
H; (Q) ={We Hl(Q).szs}, (5)
H (@) =(H(Q)) , the dual of HE (), (6)
V :{WeHl(Q):W|m=0andV'W:O}, ©)

Vi:{WLGHS(Q)ZIWL~W:0VWEV}, 8)

V°={W’eH’1(Q):<W’,W> =OVW€V}, 9)

H(Q)xH5 (@)
where V* denotes the orthogonal of V in Hg(€) associated
. L . T
with the H*(Q) seminorm |-|H1(n), V° is the polar set of
Vi (4 .>H’1(Q)xHé(Q) represents the duality pairing, in particular,
between H™(Q) and H;(Q), and the existence of the
function se H"?(aQ) used in the definition of seminorm is
ensured by Trace Theorem 2, below. Note that for a n-
dimensional domain, weH'(Q)" and VweH'(Q)
However, for simplicity, we write w e H*(Q) in either case

and the meaning follows from the context. Recall the
Brinkman and continuity equations,

nxn

/uk_l'(glvl)-va—ﬁlA(&'IVI) :pg+#k'1.g'vs+ﬁ|Vf, (10)
& &
V'(SIVI): f, 11)

where the velocity of the liquid v' and the pressure p are
unknown. Let the vector f, = pg+uk™-&'v® e H™(Q) with
the following norm:

<fl’W>H’1(Q)ng(Q)

sup
.

eHé(Q),w;ﬁO

il = .
where Vv° is a bounded continuous function and ||-||H1(Q)

represents the standard norm for Hl(Q). Assume &' is fixed
in space and define

v=¢'vhand f=f, +(ul&")VE. (13)

We obtain the Stokes-Brinkman equations in the following
form

yk’1~v+Vp—§Av =T, (14)

Vv =f. (15)
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Define the linear and bilinear functionals

a(v,w) =jﬁ|Vv:VW+I,u(k'l-v)-w, (16)
Qg Q

b(v.,q) =-]av-v, 7)

c,(w) =<f1,W>H,1(Q)xHé(Q)—J‘gfv-w, (18)

c,(a) =-|fa (19)

Then, the weak formulation of (14) and (15) can be expressed
as follows.
Problem 1. (Weak Stokes-Brinkman) Find veH;(Q) and
p e L5 () such that
YW e Hcl) (Q),
vgell (Q),

a(v,w)+b(w,p) =c,(w), (20)
b(v,p) =c,(q). (21)

I1l.  Preliminary definition and theorems

In this section, we present selected definitions, lemmas and
theorems required to use in the proof of the well-posedness of
the weak form of our model to make this paper self-contained
though they are provided in several places such as [20] and
[21] while the definitions of Sobolev norm, seminorm and
weak derivative are based on [22]. We first introduce the

direct and inverse trace theorem for Hl(Q) as follows [23].

Theorem 2. (Direct and Inverse Trace Theorem for Hl(Q))

There exist positive constants K and K’ such that, for each
weH'(Q), its trace on 6Q belongs to H"?(6Q) and

"W"Hw(m) < K||w||H1(Q). Conversely, for each given function

se H"?(eQ), there exists a function v, € H(Q) such that
its trace on 0Q coincides with s and

"VS "Hl(n) = K’”S"H”Z(aﬁ)' (22)

This theorem ensures that if seH"?(aQ2), then there

exists v, € H*(Q) such that the trace of v, on 6Q is s. The

following formulation will be used in the proof of the
Theorem 8.

Theorem 3.3!v, eV* < Hy(Q) suchthat V-v, = f-V-v,.
Proof. The proof of this theorem is provided in [21].

Next theorem states that the divergence operator is an

isomorphism ~ between  12(Q) and V<, and the

Ladyzhenskaya-Babuska-Brezzi (LBB) condition, which is
required for the stability of a mixed finite element method, is
mentioned [24, 25].

Theorem 4. Let Q be connected. Then
1) the operator grad is an isomorphism of L2 (Q) onto V°,

2) the operator div is an isomorphism of V*onto Lg ().
Moreover, there exists g >0 such that

inf  sup M2ﬁ>0 (23)
=D werti(@) [Wlly: g 10l o)
and for any qgel;(Q), there exists a unique
veV' < H;(Q) satisfying
||V||H1(Q) = ﬂ_l ||q||L2(Q) ’ (24)

Note that the equation (23) is known as the LBB condition
[25]. We next state the definition of linear operators and their
dual operator and then rewrite the Problem 1 in the form of the
linear operator. This simple change allows us to prove the
existence and uniqueness of the pressure term. Recall that the

dual spaces of L2 () and H™*(Q) are (Lé(g))' and (H;(Q))',
respectively, i.e., (L@(Q))l =L13(Q) and (H;(Q))' =H(Q).
Definition 5. Let vweH'(Q) and gel;(Q). Define
linear operators A:H;(Q)—H™(Q) and B:H;(Q)— L5 (Q)
by

<Av,w>Hé (@) = vv,w e Hg (Q) (25)
(Bv,Q),, 1 =b(v,q), Ve Hy(Q),vqel;(Q). (26)

a(v,w),

Let B'e £(L5(€2);H™(Q)) be the dual operator of B, i.e.
(B'a,v) =(a,Bv): =b(v,q), Vv e Hg(Q),Vae L3 (Q). (27)

With these operators, Problem 1 is equivalently written in the
form:

Problem 6. Find ve H;(Q), peL5(Q) such that
Av+Bp=f in H(Q) (28)
Bv=f in L2(Q). (29)
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IV. WELL-POSEDNESS OF THE STOKES-BRINKMAN
PROBLEM

Even though Ingram [20] and [21] proved the well-
posedness of the Stokes-Brinkman problem, it was for only
with a constant and second-tensor permeability, respectively.
Here we generalize the result of the discrete equations when
k is an n-dimensional tensor. To present the well-posedness
of the Stokes-Brinkman equations, we first show that the
linear and bilinear functionals (16)-(19) are continuous and
a(~,~) is coercive. Then we use these properties to show the
existence and uniqueness of the equations in Theorem 8
below.

Theorem 7. The linear functionals c,(w),c,(q) and

bilinear functionals a(-,-), b(--) are continuous and a(-,-)
is coercive, i.e.,

a(w,w)>C, ||W||2 (30)

HY(Q)

where C,=min{u/¢e uC }; C, is a positive number. In
particular,

7]
(9= [l T g [P

vweH'(Q), (31)
( )S ” f ||L2(Q) "q”LZ(Q) ! Vge L (Q)’ (32)

b(v.a) < V|Vl iy YV EH(Q),
vael?(Q),  (33)

|W"H1(Q) , Ve H* (Q)’
vweH'(Q), (34)

a(V’W) < Ca ”V"Hl(Q) |

where n is the dimensional number and
-1
i1

Proof. Since the linearity of c,(w) and c,(q) and bilinearity

Ca:max{y/g',nymax

1<i, j<n

of a(v,w) and b(v,q) are obvious and the continuities of

¢ (w),
show a(v,w) is continuous. To prove the continuity of

c,(q) and b(v,q) have been shown in [21], we next

a(v,w) for an n-dimensional domain, we first introduce
ab<aP/p+bi/q where a,b>0,
p,q>0 and (1/p)+(1/q)=1 which is often used

below, write vectors v and w
V=(V,V,,..V, ) and w=(w,w,,...,

Young’s inequality:

in component forms:
w, ) and consider

||k'1 v

|
< 1“[1 (&, +222||<,fk,k vJvk|dQJJ

j=l1k>j
(1<| j<n

(1<| j<n

2) L n vf+22§n:|vv |JdQ
=1 j=lk>j
IZ)

(1<| j<n

=N (max

1<i, j<n

)IZVfdQ
K )||v||L2 , (35)

where Young’s inequality is applied to the third inequality.
We then employ the inequality (35) to complete the proof of

the continuity of a(v,w) as follows.

la(vw) = #Vv Vw+jy )W‘

Q

< jﬁIVv:Vw + Jy(k'l .V).W‘
ot 2

< BV 190+ " Vg B
U

<A [P0
g max [V o Wl o

< Ca "V"Hl(g) "W"Hl(g)

where C, = max{y/g',ny]r_nax |kij‘1|} and (35) is employed to
<i,j<n
the third inequality.
Before proving the coercivity of the bilinear form a(w,w),
we first consider, for n-dimensions,
(K*-w)-w Z ke W + 222 Ky Ww, . (36)
i=1 j>i
Since in our problem k™ is positive definite, the diagonal

entries of k™ are positive numbers, which imply that the first
term of the right-hand side of (36) is a positive number. We

n-1 n
now focus on the second term 2> >k 'ww;,. Note that if

=1 j>i

ki'ww, >0 for all i and |,

(k'l.w).wz Zn:kijll (mljgk )Zn:vvfzckzn:wf where
i=1 i=1 i=1

it’s easy to see that
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C, =mink;". If there exist r and s such that k_'w,w, <0,

1<i<n

we have two possible cases.
Casel. k'>0 and ww, <O.

Thus, 2k ww, = -2k wwg| > k! (WF +w? ),

where Young’s inequality is applied at the inequality.
Without lose of generality, let r <s. Thus,

( ) Zk”lwz+222kIJ WW,

i=1l j>i
1 2 . 1
_Zk +ZZZkij WW,
i=1 j>i
|¢r i#r

n
=1,,,2 -1
+krr Wr + z 2kri ervi

i=r+1

n n-1 n
1,2 -1
> E ki, w; +2§ E ki ww;
i=1 i=L j>i
I#r I#r

+kOW 2k wWow

rr+1 rr+l

-kt (w + W, )+...+2k’wwn

= Z K, w? +Zzzn:k” WW,

i=1 j>i
|¢r s i#r
-1 “1\,,,2 -1 -1 2
+(krr —k; )W +(k -k )Ws
1 -1
+ 2kr r+1) WrWrJrl tot 2k WrWs -1

+ 2K, (g W W+ 2K W W,

(s+1) "' s+l

>C, 3w,
i=1
where
C, =min{d,, b}, b, =min{(k'—k.'), (k" ~k")}
and d, = mn k;*. Note that b, >0 because k™ isa

i=r,s

diagonally dominant matrix. Therefore,
(k* ~W)-W >C O W
i=1
k<0 and w,w, > 0.
Since k™ is bounded, 3C, >0 such that k' =-C,.
Thus, 2k w,w, =—2C, |w,[|w,|>-C, (W2 +W2).

Zk”lw2 +222k,] WW,
i=1 j>i
:Zki;
i1

14,2 -1
Wi +222ku WiW;
i=r i#r

Case2.

Thus, (k*-w)-w

=1 j>i

n
—1,,,2 -1
+h W+ 2k w,w,

i=r+l

>Zkulwz+222n:k ww; + kK w?

i=1 j>i
|¢r i#r
1 2 2 -1
+ 2Ky W Wy +..—C (W +WS)+...+2karWn
1,2 -1 2
= Zk" W +222kIJ ww; + (k! =C, )W
i=1 j>i
I:EI'S i#r
-1 1 1
+(kSS -C )W + 2K g We W g+ 2K W

+ 2K, (g W W+ 2K W W,
2
>, >,
i=1
where

rr

C, =min{d, b}, b, =min{(k;'~C, ), (ks

and d, =mink;". Therefore, (k*w)-w>C > w.

i=1

-C,)}>0

i#r,s

From all of the cases above, we have

3C, >0, (K* -w)-w>C, > we. 37)
i=1
Integrating (36) both sides, we obtain
J(k w)-w=C, [ 3w =C, |wis, (38)
Q

Q i=1
Hence, the coercivity of the bilinear form

a(ww) = ﬂVW VW+J.,u k1 ) w
Q
"VW"L2 Q) +/uC "W"L2 Q) 2 Cc ||W||r2—|1(g)
where C, =min{,u/g,ka}. O

We now ready to prove the existence and uniqueness of the
Stokes-Brinkman equations. Though the following theorem
have been shown in [20] and [21], we state here in the full
form of completeness.

Theorem 8. (Well-posedness of the Stokes-Brinkman
equations) Assume that f,eH™(Q), f, fel’(Q) and
se HY?(6Q). There exists a unique veH;(Q), pel;(Q)
satisfying Problem 1, equations (20)-(21). Moreover,

7]
I L e L S el TS

where ¥ =v, +v, and

1 7 1
" p”LZ(Q) < E("fl”Hl(Q) + \/ﬁ?" f "LZ(Q) J + Eca ”V"Hl(g)

where g is the constant in (23).

(40)
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Proof. We note that the proof of the inequalities (39) and (40)
are provided in [21]. Here we show the existence and
uniqueness of the velocity by using Lax-Milgram theorem
while the well-posedness of the pressure are shown in the
second part by employing Theorem 4 and the definition of
linear operators and their dual operators.

Restrict f,eH™(Q),f, f e*(Q) and seH"*(oQ).
From Theorem 3, we let V=v, +v,. For any weV, let
F(w)=c,(w)—a(¥w). Since c,(-) is linear and a(-,-) is
bilinear, F(-) is linear. Moreover, the continuities of c,(-)
and a(-,-) imply that F(-) is continuous. By employing Lax-
Milgram theorem, there exists a unique VeV < Hg(Q) such
that a(¥,w)=F(w).
VoeVicHy(Q), and VeV cHy(Q),v|,=s Since
and V.v,=f-V.v,V.v=T.
v e H; (Q) satisfying the continuity equation.

Next we show that v is unique. Since
a(v,w)=F(w)=c(w)—a(¥,w) and v=v+7, a(v,w)=
¢, (w).
a(v,,w)=c,(w). Then a(v,-v,,w)=0 for any weV.

Define v=V+v,+v,. Because

veV We now have

Let v, and v, satisfy a(v,w)=c (w) and

Thus, a(v, —V,,v, —Vv,)=0.Therefore 0=a(v,—Vv,,v, —V,)

2C, [V Vo[ 20 Since >0, v, =V, ., =O.
Then v, = v, inthe H(€)-norm.

To show that there exists p e Lg () satisfying Problem 1
F, such that(F,w)=c (w).

a(v,w)=c (w)-a(¥,w), ¢ (w)-a(v,w)-a(¥,w)=0 or

or 6, we define Since
F—AV-AV= 0, in operator notation, F, —AV—AVeV".
Let B'=V:L;(Q)—>V°
isomorphic property, there exists a unique pe Lé(Q) such
that Bp=F -AV-AV=F —Av or Av+Bp=F. O

From Theorem 4 and the

V. CONCLUSION

In this study, we employ the macroscale Stokes-Brinkman
equation for coupled free-fluid/porous-medium viscous flow
using Hybrid Mixture Theory and nondimensionalization.
The system of equations is established for the porous medium
containing moving solid phases such as hairlike structure. We
show that the bilinear form a(-,-) is continuous and coercive
for n-dimensional permeability coefficient while it is
presented in [20] only for a constant coefficient and in [21] for
a second-order tensor. We also present the existence and
uniqueness of the Stokes-Brinkman system of equations
although this is provided in [21]. Numerical solutions of this
model using a mixed finite element method will be provided
in future work.
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