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Abstract: In the present paper we investigate the condition of inhomogeneous plane waves propagation in cubic crystals subject to

initial deformations and electric fields.The author obtains here the components of the electroacoustic tensor and the velocities of

propagation as closed-form solutions.We show the influence of electrostrictive and piezoelectric effects on wave propagation in such

media. We analyze the influence of the initial fields on the waves polarization in two main cases: (i)propagation in isotropic

directional bivectors;(ii)propagation in case of polar anisotropic directional bivectors.
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1. Introduction

In the last years many authors have paid attention
to the dynamics of electroelastic materials, which are
subject to initial mechanical and electric fields. The basic
equations of  piezoelectric bodies for infinitesimal
deformations and fields superposed on the initial
deformations and electric fields, were given by Erigen
and Maugin in their monograph [6].An alternative
derivation of the equations of this type was obtained by
Baesu and Soos in [1].The problem of waves propagation
in elastic crystals and in piezoelectric crystals is
presented in [10].In [16] the fundamental equations for
piezoelectric crystals subject to initial fields have been
re-established and important results concerning the
dynamic and static local stability conditions of such
media obtained.

In [11,12,13,14,15,16],Simionescu

propagation conditions of plane waves in cubic crystals

studied the

subject to initial deformations and electric fields. In this
paper we generalize the previous results, studying the
problem of inhomogeneous plane waves in cubic crystals
subject to initial electro-mechanical fields. We assume

that the material is subject to initial electro-mechanical

fields having small intensity. The propagation of
elliptically polarized inhomogeneous plane waves has
applications in many areas including Rayleigh, Love and
Stoneley waves in classical linear elasticity theory. This
concept may be found in paper [2] for anisotropic
elasticity, in [3] for electromagnetism , in [4] for elastic
materials with voids , in [5] for Hadamard material , or in
[9] for viscoelasticity. In [17] we obtained the conditions
of inhomogeneous plane wave propagation in monoclinic
crystals subject to initial electromechanical fields. The
concept of “bivector “ is described in [8] .The algebra
of bivectors is well established in [3,7,18].

In this paper we derive the decomposition of the
propagation condition for particular isotropic /anisotropic
directional bivectors , and we show that the specific
coefficients are similar to the case of guided waves
propagation in cubic crystals subject to a bias (see [16],

to compare).

2. Basic equations

The basic equations of piezoelectric bodies for
infinitesimal deformations and fields superposed on
initial deformations and electric fields were given by
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Eringen and Maugin in their monograph [6].An
alternative derivation of these equations was
obtained by Baesu, Fortune and Soos in [1].

We assume the material is an elastic dielectric,
which is nonmagnetizable and conducts neither heat,
nor electricity. We shall use the quasi-electrostatic
approximation of the equations of Dbalance.
Furthermore, we assume that the elastic dielectric is
linear and homogenous , that the initial homogenous
electric field has small intensity. To describe this
situation we use three different configurations:

e The reference configuration Bg in which at
time t=0 the body is underformed and free of all

fields;

e  The initial configuration Bin which the body is

deformed statically and carries the initial fields;
e The present(current) configuration B, obtained

o

from B by applying time dependent incremental

deformations and fields.In what follows, all the fields

o

related to the initial configuration Bwill be denoted
by a superposed “o0”

The basic equations of the dynamic theory consist
of the following equations(see paper [16] for details):
-the equations of motion :

pui=divX; (1)
divA=0 on V ; ()
- the equation of the electric field : 3)
e=—gradyp ;

- the constitutive equations :

Zkl = Qkimn Unn + Anii Pm > “4)
le) o
Ak = Akmn un’m — ekl kP’l 5 (5)

o

where p is the mass density, U is the incremental

o

displacement from Bto B; , X is the incremental

mechanical nominal stress, A is the incremental

electric displacement vector , @ is the incremental

o

electric potential, Q0 is the instantaneous

o

elasticity tensor , A are the instantaneous coupling

o

tensor and € are the instantaneous dielectric

tensor.All incremental fields involved into the above

equations depend on the spatial variable x and on time

The instantaneous coefficients can be expressed
in terms of the classical moduli of the material and on
the initial applied fields as follows :

O (@] (o] (@]
Qklmn = Onmlk = CKlmn + Skn 61m ~Cmn El-

o o O
€Kl Em— ien El Em,

O @)
Amkl :emk1+nmkEl,
(6)

@) @)

where c,, =~ are the components of the constant

elasticity tensor, €, are the components of the
piezoelectric

constant tensor , g, are the

components of the constant dielectric tensor, E; are

the components of the initial applied electric field and
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Skn are the components of the initial applied

symmetric(Cauchy) stress tensor.
It is important to observe (to notice) that the

previous material moduli have the following
symmetry properties:

Cimn = Cikmn = Ckinm = Connki> (®)
€kt = Chik> )

€k =€ - (10)

From the previous field and constitutive

equations we obtain the following fundamental system

of four equations:

o

pU; = Quamn U e+ Ak @ (11)

o _—

Jo\kmn U —Ea @, =0, 1=1,3. (12)

3. Inhomogeneous plane waves in

piezoelectric crystals

In this section we deduce the equation for the
slowness and for amplitude of inhomogeneous plane
waves.For electromechanical problem (12) ,we define
the inhomogeneous plane wave by :

u(x,t)=Aexp[iw(S-x —t)], (13)

e (x,t)=Pexpliw(S-x —t)],

where A=A"+A
mechanical amplitude , @ is the electric amplitude of

is a complex vector defining the

the wave and S=S'+iS™ is a complex vector denoting
the slowness bivector , o is the frequency  of the

wave , which is a real parameter and i=+/—1 is the

complex unit.The superscripts “+” and “-” denote the
real and imaginary parts of a complex quantity.
The real part of U is

u+ :[A+ cosw(S+<xft>fA7 sinw(S+-x7t>

exp <7w87 . X)
(14)
S*.x =constant

The planes are planes of

constant phase, while S™-X =constant are planes

of constant amplitude.The relations (14) represent a
train of elliptically polarized plane waves.The waves
travel in the direction of the vector S , with the

slowness ‘SW and are attenuated in the direction of

the vector S . The period is 2% .For any fixed

position vector x, the displacement vector u’

describes an ellipse similar to the ellipse defined by
the bivector A , namely the ellipse whose conjugate

A" exp(—wS™-x)  and

semi-diameters are

A" exp(—wS™ -X). As t increases the sense in which

the particle waves along the ellipse is from A" to A",

Definition 1
A solution in the form (6)+(7) defines an
inhomogeneous plane wave if the vector S is not
parallel to the S™.

We see that in the case of the inhomogeneous
plane waves the planes of constant phase are different
from the planes of constant amplitude.The phase

speed is given by V:‘Swil ,while ‘Sf‘ defines
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the attenuation coefficient. In one particular case, °, 2(02 NZC [o\ I
when S is parallel to the S*, we have an attenuated Pwd = T Sk n kA T Akl W
homogeneous plane wave(analyzed in Cmck@,

Simionescu-Panait in [12],[13],[15] and [16]). (18)

In order to solve the problem of inhomogeneous o e ° L, _
plane wave propagation in the above material , we At WN°C,,Cya, +8m w'N'C,Cp=0, Lm=1,3
use the directional ellipse method , due to Ph.

Boulanger and M.Hayes in paper [3].So, the slowness From which we deduce:
bivectors may be written
S=NC, (15) ° o °
Qumn N°C Cia,, + Ama N’C_ C,p—pa, =0

(18)

Where N is a complex number, N=T-e* , C is

the directional bivector and it has the form

Ak N°C, C,a, —e1a N°C,C,0=0, Lm=1,3.
C=qm+in, with m-n=0,m-n=0 , 1

Taking g=asand V = E we obtain:

m

=[A|=1 and g>1. (16)
Quen C,C,a, +Ama C_ C a2, —pV’a, = 0

Thus, the slowness S,as well as the amplitude A
and @ are determined from the equations of motion (19)
(1)+(2).The main  unknown data of the
inhomogeneous plane wave propagation problem is

Akmn Cmckan — Ekn Cncka4 = 0, l,m - 1,3 ,

the complex scalar slowness N. which gives:
We have : o ° o o
I'i—pV I'o I's ol
S ) =—ie() s : . : &
ot I'n In—pV? [ Y, |la,
o =0
o o o o a
ﬁ() =—w’ () : I's I's Ts—pV? A, 33
o 4
P af Y2 N3 —E€
u .
—=1wNCu ; (17)
Ox,
(20)
here
a W
o —wNC.p ; oo . . . . o
axi Pim = lem“ Can = [Cklmn + Sk 8lm ~ Clm Ei— Coul En— MNkn EiEn Can
0’ 0’

)= )=-w’N’C,C, ();
axiaxj() 8Xj8Xi(> . €03

2%u Y =Ama C,,C, = [emk] + Nk El]cmck’

0x;0x

9
0x,

] =—w'N’C,Cju,.
@n
Inserting (13) into (12) gives:
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e =2 C,C, = (8, + 1 )C,Cy.

Theorem 1

System (20) represents the propagation condition of
the inhomogeneous plane waves inside the previous
materials and is equivalent to :

Qun Qi [am]zo,l,mzl,_3 @)
o © a
Q4m Q44 !

where Q is the electroacoustic tensor and has the

following components:

6|m — N2 éklmn Cnck _:)6

Im>

Q|4 — N2 Amkl Cmck, (23)

Q4m - _N2 €kn Cnck.

Remark 1:

For the general anisotropy, the tensor Q is
symmetrical.

Theorem 2

Linear algebraic system admits a non-zero solution
(ajayazas) if and only if N satisfies the following

algebraic equation:

det ?‘“‘ ?“‘ =0,l,m=13 .(24)

Qim Qu
Remark 2:
For any  prescribed  directional  bivector

C=qm+in, the values of the complex number N

are obtained by solving the generalized form (24) of
the secular equation , while the corresponding non-zero
solutions (a;a,asas) are obtained by solving the

corresponding system (22).

4.Inhomogeneous plane waves propagation in cubic
crystals

It is known that , in the particular case of a cubic
the

independent constants

crystal elasticity tensor contains three
(see [10]).Using Voight’s

convention we have:

¢, ¢, ¢, 0 0 O
¢, ¢, ¢, O 0 O
. ¢, ¢, ¢, 0 O O 25)
0o 0 O ¢, O O
0o 0 0 0 ¢, O
0 0 0 0 0 cy

Among the five symmetry classes belonging to the

cubic system , only 43m and 23 classes exhibit the

piezoelectric effect , for the others (i.e. m3m , 432) the

piezoelectric  effect is absent. Similarly, the

piezoelectric tensor contains one constant :
0 00we, O O
e=|0 0 0 0 ¢, O
0 00 0 O

(26) ,

Cus

while the dielectric tensor has one constant , for all

five symmetry classes:

n 0 0
n=(0 n 0 27)
0 0 n

From relations (17) it follows that the acoustic

tensor Q has the following components :

2

o o] o] o)
2 2 2 02 22
2813N%,C, +2523N2C, €, —de,  EIN (:2c3—n(c1 +C2+C3)N El -

° o 22 o N2 PO Y, R
QU = (e +SINTC] +(cgy +S22)NCF +(cqy +S33IN"C3 +2812NC/Cy +

2 o

Py
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6
o o] 2 [} [e] 2
Q2 = Qa1 = (¢ +¢4q)N C1C) —2e4 (B2 Cy + EI C)NTC3 —

o O

2 2 2
ﬂ(Cl +C2 +C3)N E1 E2,

(o) (o) o o
Qi3 = Q3
(o] [0)

2 2 2\. 2
T](Cl +Cy +C3)N E1 E3,

o]

] [¢] [¢] [¢]

2 2 2
2812 NG, Cy +2813 N7C,C5 +2823 N7C, Cy

2 22 202 ©
—n(cf +63 + G N B2,

o o o 0]

2

20 o

2 2.2 2
N cl—n(c1 —|—C2+C3)N E2 E3,

(28)

o]

[¢] [¢]

°o2 o2 2
2812 N“C,C, +2813 N°C,C5 +2823 N“C,Cy

2 2. 2 202 ©
ﬂ](Cl +C2 +C3)N E3—p,

o o o

2
Q14*Q41*2614N C2C3 +m C +C2 +C3>N E1,

o o

2
Q247Q4272614N CC3+I]<C +C2 +C3)N E2,

e}

o o e}

2
Q34 = Qg3 72614N C2C1+r] C +C2 +C3)N E3,

[e)
2
Qg = —(14) (cl +C2+C N

4.1.Longitudinal waves

Definition 3

2 2
= (cj +¢qq)N"C|C3 —2e4(E3 C3 + E1 C)N"C, —

° 22 o 2.2 022
Q) = (egq +STDN"C; + (¢ +822)N"C5 + (¢ +S33IN"CS +

2
- 4614 E2N C1C3

) o 2.2 022
Q33 = (cgy +SINTC] +(cgy +822)NC) + (e, +S33INTCF +

2
- 4614 E3N CICZ

A bivector C is said to be isotropic if C-C =0 .(29)

Remark 3

We consider the particular case of isotropic

directional bivectors and we can choose C=1-1ij

{0,i,j,k}

orthornorrmal basis of three dimensional Euclidian

=(1,1,0) , where

represents  an

space and 1 is the complex unit.Here the
inhomogeneous wave is circularly polarized in a plane
normal to the axis x; In this case, the corresponding
amplitude and slowness bivectors are parallelled that

is
AxS=0 (30)
We take

A =aS=(aN,aNi,0) &3

where a is a complex number.We have
C1C2:i,
C1C3:C2C3:O,

C =1C;=-1,C;=0,C; +C;+C; =0. (32)

From (28)
tensor are formed:

, the components of the electroacoustic

Q. = (), +Su—cyy —S2)N* +28n N3 —p,
(312 = 621 =(c, + C44)N2i,

(02,3 = (0231 = —2e14N2i1%1, (33)
Q= (Cay +Sii—c;, —S2)N* + 28 N3 —p,
(323 = (332 = _2614N2i EL

Q. = (Sti—S»)N? 128, N —de,, Es N% —p,

Q14 :Q24 :Q44 =0
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Qs = 2¢,N%i.
Thus , the equation (24) reduces to solving two

conditions:

a)  The first equation is

o [e] o 2

Qll sz_le =0
and defines a non-piezoelectric wave ,polarized in the
plane xixp, which depends on the initial stress field,

(34)

only.This wave is marked P> .

b) The second equation is
Q3 =0 (35)

o

has a piezoelectric wave.This wave is noted TH .

In the first case, we noted
1 )
V=— and pV ' =x . (36)
N p

The relation (34) becomes

x> —[Pn—f—Fzz]X-l—

(e} (e} 02
I'iT'»-T 12]:0 , (37)

where

Tt = (¢, +Si—cy —Sn)+2Sni,
f‘n = (Cpy T ey, (38)
T2 = (Cyy +Si—c,, —Sn)+2Sni.

We have A =4(c, +c¢,)(c, —¢,—2¢,) In

the case of cubic crystals, we have A <O0.

Then

X1,2 = §11—§22+2§12i:{:i\/<2C44 -|—C12 —C”><C” —|—Clz>,
(39)

p
N = ,
 Su—S»+2Suitiy(2e, +c,—c,) (e, +ep)

Nj

then

o

— P

§11—§22+2§12+i\/(2044 +c, —c;, )(c, +¢p,)

we have N, = Re(N1 ) +1Im(N,), (40)

where

Re(N1

Im(N,

N, :Re(Nl)+iIm(N1):\/e+B +i\/‘9+6,

0—

02 o] o 2 o
B:\/p [Sn—Szz] —|—|2812+\/(2044 +c), —C“)(C11 +022)

2
N= 2[311—522] +‘2812+\/<2C44 +c, —C“)(C11 +022>

2
o

2512+\/(2°44 D) '°11)(°11 +°22>

2
ofo o 0|0 o
9[511-822]+ 9[311-522] +

2

o
2Slf’\/(2°44 D) '°11)(°11 +°22>

)1,2:i 2
o o
21S11-Sp2 | +

ofo e EYNEEY B 2
,p[Snszz]+\/p [SII*SZZ] +lzslz+\/(zc44+0127011)(011+sz)

)1,2 _iv

We obtained :

2[§1|*§22}7 +12é12+\/<2044 +c,—cy (e, +6yy) “

A A

—p[Sn—Szz],

S, =(Re(N,) +iIm(N, ),Re(N,)—iIm(N,),0),

A, =(aN,,aN|i,0),

d, =0 .(41)

and

2

2

3
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N, :Re(Nz)JriIm(Nz):—\/
~

0= —p[Su—Szz],

i\/—e-i-B,
g

02 [¢] [¢] 2 [¢]
3= \/p [811—322] +\2312+\/(2C44 +c, —C“)(C” -|-022)

2
N= 2[811—822] -|-\2812-|-\/(2C44 +¢,, _011)(011 -|-022)

S, =(Re(N,)+iIm(N,),Re(N,)—iIm(N,),0) (42)
A, =(aN,,aN,i,0),

®,=0.

Therefore, the general solution of the system (12) is
u(x,t) =u, (x,t) +u, (x,t) ,

where

u,(x,1) = A, exp[iw(S, - x —t)] = @)

(o, +oN,i)expliw(N, -x, + N, -x, + N, -x, — )],

u,(x,1) = A, exp[iw(S, - x—t)] = w
(o, + aN,i)exp[iw(N, - X, + N, -x, + N, -x; — t)].

4.2. Transverse waves

In this case , the corresponding and slowness bivectors
are orthogonal , that is :

A-S=0 . (45)

Remark 4

The plane of constant amplitude is orthogonal to the

2

2

5

plane of constant phase (S™-S™ = 0).The bivector C
may not be isotropic.As in [2],[3],[4] , we choose

A=08C, +~xh,  (46)

where

C, =q 'm+in
is the reciprocal of the bivector C and 6 and y are
arbitrary scalars .

Thus , in the second case we choose an anisotropic
directional bivector

C=(C,.C,.0) . (47)
with

C, =cosa+isina,

C, =cosa—isina,a €[0,2m).

This

polarized in the plane normal to the axis Xz,except for

inhomogeneous wave is elliptically

. o © 3® 57 I~w
the particular directions o € y—,—,—,—. In
4 4 4 4
this case , the
We have :

C1C2:1 5 C1C3:C2C3:0,

wave is circularly polarized.

C; = cos2a +isin2a,
C; = cos2a —isin 2q,
X (48)
G =0,
C; +C; +C; =2cos2a.
From (28) , the components of the

electroacoustic tensor are formed:

o [e] [¢] 02

Qq1 = (¢qq +S11+cyy +S22—2nE] )N2 cos 2 +

[} e} o o

2812 N% — pif ;| +SI1—cy —$22 [N sin 20,
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Q) =Q, =(c;, +¢,,)N* —2ncos2aN’ E, Es,

Q,; =Q,, =—2¢,,N* Ei—2ncos 2aN” E: Es, (49)

[e] e} o] 02

Q22 = (¢ +S11+ ¢4y +522— 2nE2)N cos 2a +

e} [e]

2812 N% —pti

e} [e]

—C1q +Sll+c44 —822]N2 sin 2o,

Q,; = Q,, = —2¢,,N” E2—2ncos 2aN” E» Es,

[e] e} [e] 02
2
Q33 = (2c44 +S11+822—2nE3)N” cos2a +
e} o [e] [e] [}

2812 N —4e), E3— p+ i

S11—522 ] N2 sin 20,

Q,, = Q,, = 2ncos2aN*Ey,
Q,, =Q,, = 2ncos2aN* E,,
Q,, = Q,; = 2¢,,N* +2ncos2aN” Es,

Qu = —2N? (14 m)cos 20
4.2.1.

o

If Ei=E>=0 ,weobtain:

[¢] o [e]

Q11 =(cyy +Sl1+cyy +522)N? cos 20 +

(e} 2 ) [0 0] 2
2S12 N —p—&—i[c11 +Sll—c44 —SZZ]N sin 2o,

Q,, =Q, =(c, +C44)N25 (313 = 631 =0,

[¢] ¢} [e]

Q22 = (e +S11+cyy +522)N? cos2a +

o 5 © o o )
2S12 N —p+i[—cll+SII+C44—S22]N sin 2q,

Q23 = Q32 =0,

[e] e} [¢] 02

Q33 = (2¢44 + S114 822 21 E3 )N cos 2a + 50)

O [} o

2812 N — 4, E3— p+ i

[¢] [e]

S11—522 ] N2 sin 20,

Q14 = Q41 =0,
Q24 = Q42 =0,

Q,, =Q,; = 2¢,,N* +2ncos2aN”’ Es,

Qu = —2N?(1+n)cos 2a.

Then, system (20) reduces to two independent
subsystems, as follows:

e The first subsystem

611 Qp al]zo (51)
o o a
Q, Qu)°

defines a non-piezoelectric wave , polarized in the
plane xix, , which depends on the initial stress

field,only.It corresponds to P> guided wave.

e The second subsystem
Qi Quffa,
o o a
Qy Qu)t

has a solution a transverse-horizontal wave ,with
polarization after axis xs,which is piezoelectric and
electrostrictive active , and depends on the initial
mechanical and electrical fields.This wave is linked to

] =0 (52)

o

TH guided wave.
422

If Es;=0 ,weobtain:

o [e] [¢] 02

Q1 = (Cll +Sll+c44 +822—-2nE1 )N2 cos2a +

o e} o o

2812 N% — pifc; | +SI1—c y —$22 [N sin 20,

Q,=0Q, =(c,+ 044)N2 —2ncos 2aN? E; E»,
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Q;=0Q; = _2614N2 Ei,

(0] o [} O2 2
Q22 =(¢j; +Sl1+cyy +S22-2nE2)N"cos2a +
(o] 2 o 0 [} 2
2812 N™ -p+i |1 +Sll+c44 -S22 |N“sin2a,

Qy=Q; = _2614N2 E,,

[} (e] o 2
Q33 = (2¢44 +S11+822)N" cos 2o +
o [0 o ¢} (53)
2512 N2 — pi[s11-822 |N? sin 2a,
Q,, = Q,, = 2ncos2aN*Ey,
Q,, =Q,, = 2ncos2aN” E,,
Qi = Qyy = 2¢, N,
Q= —2N?(1+n)cos 2.
The system (20) reduces to two independent

subsystems , as follows :

e The first subsystem has the form :

Q, Q, Qy a
1
Qn Q) Qulla,|=0 (54)
o o o a
Q, Qu QM

defines an inhomogeneous plane wave, polarized into
the plane Xxix;,associated with the electric field ,
providing piezoelectric and electrostrictive effects ,
and depending on the initial stress and electric fields .

o

It corresponds to P, wave from guided wave
propagation problem.
e The second subsystem is reduced to a

single equation , as follows :

633 a; =0 (55)

transverse-horizontal ~ wave,  with
polarization after the axis xznon-piezoelectric and
influenced by the initial stress field, only.It

defines a

corresponds to TH wave form the problem of

guided wave propagation.
5.Conclusions

In our paper we obtained the conditions of
inhomogeneous plane wave propagation in cubic
crystals subject to initial electromechanical fields.For
particular isotropic and anisotropic  directional
bivectors we derive decomposition of the propagation
condition.We show that the specific coefficients are
similar to guided waves propagation in monoclinic
crystals subject to a bias.

We analyzed the influence of the initial
fields on the

the particular

mechanical and electric wave

propagation.Considering cases of

longitudinal inhomogeneous waves, we find the
velocities of propagation and the polarization of the
waves , via the electrostrictive effect.
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